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Communicated June 24, 1922 


1. In a former paper (these PROCEEDINGS, Feb., 1922) Professor Veblen 
and the writer considered the geometry of a general space from the point 
of view of the paths in such a space—the paths being a generalization on 
the geodesics in Riemannian space. It is the purpose of this note to de- 
termine the spaces whose paths may be brought into one-to-one corre- 
spondence with the paths of a given space, and to consider the degree of 
arbitrariness involved in our analytical definition of the paths. 

2. The equations of the paths in a space S, are taken in the form 

i 
dx’ T 
ds? 
where x’ (i = 1, ..., ) are the coordinates of a point of a path expressed 
as functions of a certain parameter s the same for. all'the paths, and I, 
are functions of the ¥’s"such that T%, = I's,. Whett the space is Rie- 
mannian, with the quadratic form 
ds? = gidx‘ dx’, (2.2) 
equations (2.1) define the geodesics of the space, the functions I, being 
the Christoffel symbols of the second kind formed with respect to (2.2). 
Thus in choosing (2.1) to define the paths of a general space we have 
singled out a parameter s which is to be the same for all paths. If we 
change the independent variable in (2.1), it is found that the resulting 
equations have the same form only when this parameter is as + b, where 
a and 6 are arbitrary constants. 

3. Suppose we consider a second space S, and write the equations of 

the paths in the form 


(2.1) 


d*f | ng dx" dx? _ 


OX oe 1h es See 3.1 
ds? ds" ds! ot 
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We say that corresponding points in S, and S’, are those for which the 
coordinates x have the same values in the two spaces. Ifa path Pin S, 
is to correspond to a path P’ in S’,, there must be a relation of the form 
s = f(s’) connecting the parameters s and s’ at corresponding points. In 
order that the functions x’ of s’ shall satisfy (2.1) and (3.1) we must have 
@ dx ® x8 
r (rss ee May (ri, Pep) rt) 
's ds Se 
— = . = : $9 1, 3-5), (3.2 
= ero re (i,j ). (8.2) 
ds ds 

From these expressions it follows that we must have 

+ gw \ee? ; py _\dx*] dx* dx® 

ed )= -(r4 —-™ jz|* —=0(,7 =1,...,n). (3.3 
[(r */ ds . */ ds 4 ds ds Gi > ee 
If it is desired that all the paths of S, can be brought into one-to-one cor- 
respondence with those of S’,, these equations must be satisfied identically 





by the quantities = , otherwise we should have differential equations 
s 


of the first order satisfied by all the solutions of (2.1). The conditions 
that these equations vanish identically are 
rs = Ta Pe = Te 7, & #), (3.4) 
and 
r%—20'§ = 14 —27h, P—T' = Te -Th (7, $) (35) 
Equations (3.5) are equivalent to 
Ii, = Ti + 29, 1% = Ty + (3.6) 
where the functions g; (¢ = 1, ..., %) of the x’s are defined by (3.6). By 
making use of equations (4.2) of the former paper which give the relations 
between the I'’s in one set of coordinates x and those for another set, we 
prove that the functions ¢g; in (3.6) are the components of a covariant 
vector. 
If we substitute the expressions for I'’g, from (3.4) and (3.6) in (3.2) we 
have 
AO 
y ig ds 
If we substitute in the right-hand member the expressions for the x’s as 
functions of s for a given path, we get the relation between s and s’ in order 
that these functions shall satisfy (3.1) also. Consequently (3.4) and 
(3.6) are sufficient as well as necessary that the paths of S, and S’, be 
in one-to-one correspondence. 
We are in a position now to determine under what conditions the paths 
of S, are defined also by equations (3.1). From our definition of paths 
# 


(3.7 
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it follows that s’ must be the same for all paths just as s is in (2.1). From 
(3.7) it is seen that for this to be the case we must have 


dx* 
«a — =v¥(s), 3.8 
Pa ¥ (s) (3.8) 
y being the same function for all the paths. Differentiating and making 
use of (2.1), we obtain 
dx* dx® P 
68 = AY ’ 3.9 
Pap — v'(s) (3.9) 


where ¢,g are the components. of the covariant derivative of the vector 
¢q as defined in the former paper, that is 
vn 
Gap = Sg ~ oT op (3.10) 

Consider first the case when y in (3.8) is constant, that is when (2.1) 
admits a linear first integral. From (3.9) it follows that S, must be such 
that there exists a vector y, so that gag + gga = 0. When this con- 
dition is satisfied by one, or more vectors, the equations of the paths can 
be written in two, or more ways, in the form (2.1). Spaces which admit a 
family of parallel covariant vectors, considered by the author in a former 
paper (these PROCEEDINGS, July, 1922) are of this kind. 

If y’ = const. in (3.9), equations (2.1) would have to admit a quadratic 
first integral. Another case of this sort arises when y’ = ay* + b, where 
a and b are constants. Although these special cases are interesting and 
lead to types of spaces for which the equations (2.1) are not unique, it is 
clear that this is not possible for a general S,. Similar results hold when 
y’ is not constant. For on the elimination of s from y and y’ in (3.8) 
and (3.9) we should obtain a relation between the first derivatives of the 
x’s, which could not hold for all the paths. Hence: 

For a general space the equations of the paths can be writien in the form 
(2.1) in only one way, the parameter s being such that it may be replaced by as 
+ b, where a and b are arbitrary constants. 

4. The components of the curvature tensor in S, are defined by 

jn = St — Sg, THT (4.1) 
If we indicate by primes the functions for S,’, we have from (3.4) and 
(3.6) 


Bm = Biu (3, i, k, |), 

Bin = Bie + 023 — je (3, 7, k +); 
‘bei = Bhai + Gin — 0 oe (i, 7, & ), 
By; = Bix + oy — 97 1); 

Big = Bis — G4 +2 04 — GG 7 ¥), 
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where 9, is the covariant derivative of g,. In these formulas there are 
no summations. 
5. By definition the contracted tensor is given by 


Ry =z Bia (5.1) 
Hence from the above formulas we obtain 
R'g = Ry + ney — gx— (n — 1) G9; (5.2) 
R'y = Rg + (1-1) (Ga— 9’). 
Since Bjy = — Bi, a skew symmetric tensor of the second order is 
defined by 
Si =z Bei (5.3) 
Now we have 
S’g = Sy t+ + 1) (GH — G5). (5.4) 
From (5.1), (4.1) and (5.3) we have 
Ry — Ru = Si 


Hence S;; = 0 is a necessary and sufficient condition that Rj be sym- 
metric. This result was established by Veblen in a paper presented to the 
Academy, April 25, 1922. 

Veblen (these PROCEEDINGS, July, 1922) has shown that the identity 
of Bianchi, namely 

Byrtm + Bjme + Bimer = 9 (5.5) 

holds in the geometry of paths; an equivalent result was announced by 
Schouten (Jahr. Deut. Math. Ver., vol. 30, 1921, Abt., p. 76). In con- 
sequence of (5.5) we have from (5.3) 


Sie + Siri + Sry = 9, (5.6) 
or in other form 
OS; , OSje , Spi 
pat ie ny 5.7 
ox” “f Ox* Ox? nal 


We have shown (Bull. Amer. Math. Soc., 1922) that (5.7) is a necessary 
and sufficient condition that S;; is expressible in the form 


Si sok ory Bite me ’ (5.8) 


where ¢; is a covariant vector, any one component being arbitrary and the 
- others being determined by quadratures. As an immediate consequence 
we have the theorem: 

If S, is any geometry of paths, spaces S’,, can be found whose paths are in 
one-to-one correspondence with the paths of S, and such that the tensor R'y is 
symmetric; the determination of S;,, involves an arbitrary function of the x’s. 
6. For a Riemann space the tensor Rj; is symmetric. Consequently 























VoL. 8, 1922 MATHEMATICS: L. P. EISENHART 237 


from (5.4) it follows that if S, and S’, are Riemann spaces, we must have 
¢4 = ¢, that is g; must be a gradient. 

Suppose now that S, is any space. From the preceding theorem it 
follows that we can find a space S,,” whose paths are in one-to-one corre- 
spondence with S, and such that S" = 0. If S, is a Riemann space in 
correspondence with S,, and consequently with S,”, it follows from (5.4) 
that the vector giving the relation between S,” and S,,’ is the gradient of 
a function gy. The algebraic consistency of equations of the form (cf. 
(5.3) former paper) 

8 ta B’jia + 8’ aj Big = 

leads to more than u (m + 1)/2 equations. Hence when the expressions 
for B’%, as given by equations of the form (4.2) are substituted in these 
equations of condition, we have more than n(n + 1)/2 algebraic condi- 
tions upon the n(n + 1)/2 second derivatives of y. Consequently the 
functions B’§, for S,” are subject to conditions and hence S, cannot be 
arbitrary, if its paths are to be in one-to-one correspondence with the 
geodesics of a Riemann space. It follows also from these remarks that the 
final theorem of the former paper does not give the complete characteriza- 
tion of geometries whose paths can be identified with the geodesics of a 
Riemann space. 

7. Suppose that S, isa Riemann space. If 5S,’ also is to be Riemannian, 
it follows from (5.4) that g; must be the gradient of a function g. If the 
components of fundamental quadratic tensors of S, and S,’ are denoted 
by gy and g’;; respectively, we must have 


Og" 
ij , la , ta _ 
—Cajl am Siel'p = 9, 


Ox* 
which in consequence of (3.4) and (3.6) becomes 
Og’ , a , a , de , de , de 
~~ tala Sela BMyagm 6 un fase 8 GA 
ox" & aj + ik g jk g 4 g kj ox! g oe * ( ) 


If g and g’ denote the determinants of g;; and g’;;, we have (Einstein, Ann. 
Phys., 49, 1916, p. 796). : 
1 ovg =} ig OBij 
Vg ox" ox* 
Multiplying (7.1) by g, summing for 7 and j, and making use of (7.2), 
we obtain an equation from which it follows that 
2 (n + 1) g 


= T%,. (7.2) . 


e 


where C is a constant. 
Again, if we put Ay, = e—** gy and indicate by A; the covariant derivative 
of A, with respect to the fundamental form of S,, we obtain 

Ayn + Ajes + Any = 9, 
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which is the condition that the equations of geodesics admit the quadratic 

integral Ay = = const. These results are due to Levi-Civita 
is ds 

(Annali, 24, 1896, pp. 273, 276; also Annalen, 54, 1901, p. 188), who has 

found all the Riemann spaces which admit of geodesic representation. 

When in particular it is assumed that S, and S,’ possess corresponding 

orthogonal systems, and these are taken as parametric we have 





rw Me i 1 Oe nt ait ae O8is k= 0, 
2833 Ox" 2833 Ox; 28 i Ox ;j 
and the equations (3.4) and (3.6) are readily solved; giving 
n : C & 
gs = U' | — vil, ge = 5 —, 
je.” | nW+c) ite 


j=l 
where j ¥ 7 in the first product, y; is an arbitrary function of x’ alone, and 
c and C are arbitrary constants (Pirro, Rend. Palermo, 9, 1895, p. 169; 
also, Levi-Civita, l.c., p. 287). 





NUMBER{OF SUBSTITUTIONS OMITTING AT LEAST ONE 
LETTERIN A TRANSITIVE GROUP 


By G. A. MILLER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated June 10, 1922 


In an article published in Amer. J. Math., 26, 1904, p. 1, H. L. Rietz 
proved the theorem that in “a primitive group G of degree ” of composite 
order g there are more than g/(x + 1) substitutions of degree less than , 
where x is the number of systems of intransitivity of the sub-group which 
leaves a given letter fixed.” If G is a transitive group which is not neces- 
sarily primitive this subgroup G; is of degree » — a, where a is not neces- 
sarily unity, and may be supposed to have a transitive constituents of 
degree 1 in addition to its transitive constituents whose degrees exceed 1. 
If x + 1 represents the total number of these transitive constituents the 
theorem quoted above remains true for every possible transitive group 
except the regular groups, as may be inferred from an abstract which 
appeared in Bull. Amer. Math. Soc., 8, 1902, p. 17, where the exception 
noted above is, however, not stated. 

The object of the present note is to furnish a very elementary proof of 
this general theorem, as follows: If each of the substitutions of G, involves 
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the average number of letters, viz. n — x — 1, the number of substitu- 
tions of G which omit at least one letter is mg, + (x + 1) = g + (x + 1) 
g. being the order of G;. This case evidently presents itself only when G 
is regular. In all other cases this number of substitutions must be greater 
since each such case can be constructed by taking successively one letter 
away from some one substitution in the idealized G,’ in which all the sub- 
stitutions including the identity are of the same degree, and adding it to 
another. By each such operation the number of substitutions which omit 
at least one letter is increased, since the number of such substitutions is 


thereby first diminished by : - , wherek = x +1, 


k aed ~ R(e + 1) 


a es, Chere le a tae 


I-1 1 Il— (i — 1) 
each such operation increases the total number of substitutions which 
omit at least one letter this number must be increased by the totality of 
such operations which lead from the idealized G’; to the real G,. It 
should be noted that the increase due to one such operation may be a 
fractional substitution. 

In the special case when G is multiply transitive G, must be transitive 
and of degree nm — 1. In this case g/(x + 1) = g/s and by reducing one 
substitution of G’, to the identity we increase the number of substitutions 
whose degree is less than ” by 


n(n — 2) 
2 


If G, contains substitutions whose degree is less than » — 2 the number of 
substitutions of degree n — 1 must be stilllarger. Hence it results directly 
that in a multiply transitive substitution group of degree m the number of 
substitutions of degrees m — 1 and m — 2 cannot be less than 


n(n — 3) | 
pair use 2 


and this is the exact number of such substitutions when G involves no 
substitution besides the identity whose degree is less than » — 2 and only 
then. 

The main theorem of this note may be stated as follows: In every non- 
regular transitive substitution group of degree n the number of the substitu- 
tions which omit at least one letter exceeds g/x where x 1s the number of the 
‘transitive constituents in a subgroup composed of all the substitutions which 
omit one letter regarded as a group of degree n. One reason for emphasizing 
this matter here is that the theorem is stated incorrectly even for the 
special case when the group is primitive on page 357 of Cajori’s History of 





and then increased by 





n 
ya ha 
mah 
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Mathematics, 1919, as a consequence of a misprint in my ‘‘second report 
on recent progress in the theory of groups of finite order,’ Bull. Amer. 
Math. Soc., 9, 1903, p. 118. 





PHOTIC ORIENTATION IN INSECTS 
By S. O. Mast 
Zo6LOGICAL LABORATORY, JOHNS HOPKINS UNIVERSITY 


Communicated June 6, 1922 


The idea that orientation in organisms is dependent upon the relation 
in the physical and chemical states produced by the stimulating agent in 
symmetrically located receptors and the relation in the activity of the 
locomotor apparatus on opposite sides is widely accepted. This idea 
extends back to the botanist, Ray (1693), it was applied to lower animals 
by Verworn in 1894 and to higher animals including insects by Bohn in 
1904 and Loeb in 1906. It has been referred to as the difference of in- 
tensity theory, the continuous action theory, the tropism theory, the 
Verworn theory, the Ray-Verworn or DeCandolle theory, the muscle- 
tension theory and Loeb’s muscle-tension theory. We shall call it the 
Ray-Verworn theory. 

Referring to insects, Bohn, Loeb, Garrey and others maintain that light 
affects the tonus of the muscles in proportion to the intensity of the illumi- 
nation of the receptors with which they are connected and in such a way 
that when the eyes on opposite sides are unequally illuminated, the legs 
on one side move faster than those on the other resulting in turning until 
the eyes are equally illuminated, when the tonus of the legs on opposite 
sides becomes equal and the turning ceases. These authors maintain 
that whenever insects are oriented, the receptors on opposite sides receive 
the same amount of stimulating energy. They hold that orientation is 
the result of balanced action in the two halves of the body. 

There are numerous reactions involved in the process of orientation 
of insects and other animals which are not in accord with these views. 
Some of these follow. 

If one eye of the drone-fly, Eristalis tenax, is covered it deflects strongly 
toward the functional eye making circus movements, but after a certain 
time it orients fairly accurately, especially in a well defined beam of light.’ 
Similar results have been obtained in observations on various other in- 
sects by Radl, (1903), Holmes (1905), Carpenter, (1908), Dolley (1916), 
and Minnich (1919). The eyes on opposite sides are not equally stimu-— 


























Voi. !8, 1922 ZOOLOGY: S. 0. MAST 241 


lated when these insects with but one functional eye are oriented as is 
demanded by the Ray-Verworn theory. And the same may be said in 
reference to the fiddler-crab and a number of other forms that move side- 
wise toward the light. 

In the robber-fly, Erax rufibarbis, with one eye covered the body assumes 
a tilted posture. The legs on the blind side are much more extended than 
those on the normal side and the feet consequently tend to move faster on. 
the former than on the latter side, resulting in turning toward the normal 
side. Similar reactions are obtained if the lower half of one eye, the 
right e.g., and the upper half of the other eye are covered, i.e. they lean 
toward the right side and turn to the right; but if such specimens are 
laterally illuminated from the left, they will, under certain circumstances, 
turn to the left. Thus they turn toward the side on which the extension 
of the legs is greater, and in the direction precisely opposite to that which 
would obtain if it were in accord with the tonus hypothesis. 

If Eristalis on the wing is illuminated from above or below it turns 
directly upward or downward. This turning can not be due to unequal 
illumination of the two eyes in accord with the Ray-Verworn theory 
for the two eyes may be continuously equally illuminated. Similar re- 
sponses have been observed in Caprella (Mast, 1911, p. 224). 

In light from two sources both Eristalis and Erax, go toward a point 
between the sources. The location of this point depends upon the rela- 
tion of the luminous intensity of the light received from the two sources. 
The greater the difference the nearer the more intense illumination the 
point is located. When the insects are oriented in such a field of light 
the two eyes are not equally illuminated except when the light received 
from the two sources is equal. Consequently, when insects are oriented 
under natural conditions where they are nearly always subjected to light 

. from various sources of unequal intensity, the eyes are rarely if ever equally 
illuminated. Under such conditions orientation is therefore not in accord 
with the Ray-Verworn theory as applied to insects by Bohn, Loeb, and 
others. 

In specimens of Eristalis or Erax with one of the front legs removed 
orientation is practically normal. If such specimens are. laterally illumi- 
nated they turn toward the light either to the right or to the left. If 
the front and the middle legs on the same side are removed, Eristalis 
deflects strongly toward the normal side, but after a few days it orients 
fairly accurately. Erax usually goes fairly directly toward the light at 
once, but only for a short distance after which it deflects rather sharply 
toward the normal side; then it ordinarily attempts to turn in the opposite 
direction, but it usually fails, and topples over. The movements of the 

legs are not well codrdinated and there is consequently much difficulty 

in locomotion. Orientation in these specimens obviously can not be due 
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to equal action in locomotor appendages on opposite sides as the theory 
in question demands. Specimens of Eristalis with the front and middle 
legs on one side removed and either eye covered may under certain condi- 
tions proceed fairly directly toward the light. If the direction of the 
rays is changed while they are thus proceeding toward the light, they 
reorient by turning either to the right or to the left. This shows that the 
movements of the legs on either side may be controlled by impulses origi- 
nating in either eye. These responses are obviously not in accord with 
any theory of orientation that demands balanced or equal action either in 
the receptors or in the locomotor appendages on opposite sides. 

In certain fire-flies the male, in response to a flash of light produced 
by the female, turns thru the required angle, no matter in which direction 
he may be going in reference to the location of the flash, and proceeds. 
directly toward her. Thus after momentary illumination, he may turn 
in the total absence of light in any direction, thru angles varying from 
0 to 180 degrees; and this turning is, under many conditions, a response 
to the illumination of but one eye. It is consequently evident that it. 
cannot be accounted for by any theory which demands balanced or equal 
illumination of receptors on opposite sides as the basis of orientation. 

The facts presented above show that there are a number of phenomena 
of fundamental importance in the process of orientation in insects that 
are not in accord with the Ray-Verworn theory. How can these pheno- 
mena be explained ? 

Insects have image-forming eyes, so that when an eye is exposed to a 
source of light an image is produced on the retina, and if the source is. 
concentrated the image is very small, resulting in definite localization 
of the stimulus. Thus while the whole surface of the eye is illuminated 
the stimulus may be confined to a minute portion of the retina, the location 
of which depends upon the location of the source of light in relation to the 
longitudinal axis of the insect. If the light is in front of the insect the image. 
is near the anterior edge of the retina; if it is to the side the image is on 
the lateral surface of the retina, etc. In general it is always directly below 
the ommatidium whose longitudinal axis is parallel with the rays of light. 

The flash produced by a female fire-fly forms on the retina of the male 
a minute luminous image so that the stimulation is practically confined 
toa point. This point varies in location from the posterior to the anterior 
edge of the retina depending upon the axial position of the male in refer- 
ence to the female, and it also varies in a dorso-ventral direction. There 
is then for every axial position of the male a definite location of the stimulus 
in the eye. The fact that in response to a flash of light produced by the: 
female, the male turns after the flash has disappeared until he faces the 
female regardless of the extent of turning required, indicates that momen- 
tary stimulation of a point on the retina sets up a series of turning reflexes, 























Vou. 8, 1922 ZOOLOGY: S. O. MAST 243 


and that the series set up varies in character and in extent with every point; 
so that if the point stimulated is located at the posterior edge of the retina 
the series of reflexes carries him through a large angle, the degree of turn- 
ing in every case depending upon the location of the stimulus. Thus in 
the fire-fly orientation is the result of series of reflexes, the nature and ex- 
tent of which is specifically related to the location of the stimulus. There 
is much evidence indicating that similar factors are involved in the process 
of orientation in other insects. 

If in Eristalis or Erax with one eye covered the stimulus is localized 
at the posterior edge of the retina, the feet on one side move forward while 
those on the other move backward, the two front feet deflecting toward 
the side stimulated, the two hind feet from this side. If it is localized in 
the lateral portion both front feet move laterally toward the light, as do 
also the middle feet but to a less extent. If it is localized in the central 
part of the anterior surface of the eye the feet on both sides move forward 
and the insect does not turn. If it is localized at the antero-median edge 
_ it turns toward the covered eye. 

This indicates that stimulation of a given region of the retina in one eye 
induces certain definite reactions in all of the legs on both sides, of such 
a nature as to tend to turn the insect toward the point stimulated just as 
it does in the fire-fly. But if there is only a momentary illumination 
Eristalis and Erax turn thru only a very small angle regardless of the loca- 
tion of the stimulus, whereas the fire-fly tutns until it faces the source of 
light. However, if the illumination continues, then, as Eristalis or Erax 
turns, the image of the source of light on the retina travels forward and 
a continuous series of points extending forward in the eye become suc- 
cessively stimulated and the stimulation of each successive point induces 
reactions of such a nature as to produce turning toward the region stimu- 
lated and the result is continuous turning until the image reaches the an- 
terior portion of the eye and the insect faces the light. Orientation is 
brought about by a series of reflexes (differential responses to localized 
stimulation) similar to the scratch reflexes in higher forms induced by 
stimulation of various points on the surface of the body. In photic orien- 
tation the nature of each series of reflexes depends upon the localization 
of the stimulus in the eye just as the nature of the scratch reflexes depends 
upon the localization of the stimulus on the surface of the body. This 
is what occurs if the stimulation is confined to one eye. If both eyes are 
simultaneously stimulated other processes are involved as is indicated 
in the following paragraphs. 

If Eristalis is exposed to light from two sources at the same distance 
and equal in size and intensity and so arranged that the rays cross ap- 
proximately at right angles at the place of exposure, it will turn until it 
faces a point half way between the two sources and then proceed toward 
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this point. If the two sources of light differ in intensity it will turn until 
it faces a point nearer the more intense source and the greater the differ- 
ence the nearer this source the point will be. Under the first conditions 
the two eyes are equally illuminated when the insect is oriented; under 
the second they are not; the region stimulated in one eye is more intensely 
illuminated and it is farther forward than that in the other eye, and the 
greater the difference in the intensity of the two sources, the greater the 
difference in the location and in the intensity of the illumination of the 
regions stimulated in the two eyes. Consequently the turning effect. of 
stimulation of a given region of the retina in one eye is obliterated by 
simultaneous stimulation of the same region in the opposite eye, provided 
the stimuli are of the same magnitude, and by simultaneous stimulation . 
of any other region in the retina of the opposite eye provided the stimuli 
in the two eyes bear the proper relation in magnitude. If the stimulus in 
one eye is located relatively farther forward than that in the other eye, 
the former in order to produce complete inhibition, must be stronger than 
the latter, if farther backward it must be weaker. 

The elimination of the effect of stimulation in one eye by simultaneous 
stimulation in the other eye is not due to antagonistic action of the legs 
on opposite sides as demanded by the Ray theory of orientation as applied 
to animals by Verworn, Loeb, Bohn, and others. The elimination is due 
to the total absence of any appreciable effect of the stimulating agent on 
the muscles of the legs. When an insect is oriented in light, the light 
has no immediate observable effect on the muscles. 

Photic orientation in these organisms is the result of series of coérdi- 

nated reflexes in the legs of both sides specifically related to the localiza- 
tion of the stimulus in either eye and inhibition or modification of the 
effect of the illumination in one eye by simultaneous illumination in the 
other. 
' This view of the process of orientation is in full accord with all of the 
phenomena presented above. It accounts for orientation in insects with 
one eye covered or with legs on one side removed as well as for orientation 
in normal specimens. It accounts for orientation on the wing in a vertical 
plane. It accounts for orientation in Caprella and in the fiddler crab. 
It accounts, moreover, for the facts observed by Dolley (1916) in Vannessa 
with one eye covered that the degree of deflection toward the functional 
eye in a horizontal beam of light is independent of the intensity, and de- 
creases as the edge of the beam is approached where it becomes zero and 
that the degree of deflection may, in illumination from a concentrated 
source directly above, be greater in weak than in strong light, if reflection 
from the back ground is eliminated. 

Photic orientation in insects is as a whole adaptive. It is rarely in- 
jurious except under unnatural conditions, as, e.g., in light produced by 
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a candle in a dark room. The reflexes resulting in orientation are similar 
to the scratch reflexes in the dog. How it is that they have come to be 
specifically correlated in character and extent with the localization of the 
stimulus in the eye is not known. They are instinctive in nature since 
they are largely independent of experience in the individual in which they 
occur and their origin is doubtless the same as that of other instinctive 
reactions. 

A full description of photic orientation in Eristalis and Erax will be 
published shortly. This paper will contain an extensive bibliography 
including all of the literature referred to above. 


HESPEROPITHECUS, THE FIRST ANTHROPOID PRIMATE 
FOUND IN AMERICA 


By Henry FAIRFIELD OSBORN 
AMERICAN MusEuM OF NATIONAL History, NEw York 
Read before the Academy, April 25, 1922 


This communication to the NATIONAL ACADEMY, Tuesday April 25, 1922, 
was simultaneous with its publication in the American Museum novitates.* 
A single small water-worn tooth, 10.5 mm. by 11 mm. in crown diameter, 
signalizes the arrival of a member of the family of anthropoid Primates 
in North America in Middle Pliocene time. The discovery is due to 
Harold J. Cook, consulting geologist, Agate, Nebraska. 

The anthropoid Primate characters of the tooth are confirmed by another 
water-worn third upper molar previously found by William D. Matthew 
in the same beds but not described because it was not sufficiently distinc- 
tive. These two teeth establish the existence in the Pliocene period of a 
new and independent type of anthropoid, intermediate in the structure of 
its grinding teeth between the anthropoid ape and the human type. The 
animal is certainly a new genus of anthropoid ape, probably an animal 
which wandered over from Europe and Asia with the large south Asiatic 
element that has recently been discovered in our Pliocene fauna by Mer- 
riam, Gidley, and others. The generic name Hesperopithecus signifies 
Pithecus of the Western Hemisphere; its specific name haroldcookti is 
assigned in honor of the discoverer. The tooth actually resembles the 
human type more closely than it does any known anthropoid ape type; 
consequently it would be misleading to speak of this Hesperopithecus at 
present as like the known anthropoid apes; it is a new and independent 
type of Primate and we must seek more material before we can determine 
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its relationships. It has been suggested humorously that the animal 
should be named Bryopithecus after the most distinguished Primate which 
the State of Nebraska has thus far produced. It is certainly singular that 
this discovery is announced within six weeks of the day (March 5, 1922) 
that the author advised William Jennings Bryan to consult a certain 
passage in the Book of Job, “Speak to the earth and it shall teach thee,” 
and it is a remarkable coincidence that the first earth to speak on this sub- 
ject is the sandy earth of the Middle Pliocene Snake Creek deposits of 
western Nebraska. 

The geologic age of these two Primate teeth is now believed to be the 
same as that of Thousand Creek, Nevada, and Rattlesnake, Oregon, among 
the fauna of which Pliohippus is very abundant and varied; it also con- 
tains Ilingoceras and other strepsicerine antelopes of Asiatic affinity; 
it is the last American fauna in which occurred the rhinoceros, preceding 
the Blanco fauna in which the Asiatic brevirostrine M. mitrificus first 
occurs. 

















* Osborn, Henry Fairfield, ““Hesperopithecus, the First Anthropoid Primate Found in 
America,” American Museum Novitates, No. 37, April 25, 1922. 









RECENT DISCOVERIES ON THE ANTIQUITY OF MAN 






By Henry FAIRFIELD OSBORN AND CHESTER A. REEDS 







AMERICAN MusEum oF NaTurRAL History, New York 


Read before the Academy, April 25, 1922 






This paper is an abstract of two lines of research recently undertaken by 
the authors which will be published under the titles: Old and New Standards 
of Pleistocene Division in Relation to the Prehistory of Man in Europe,* 
Pliocene (Tertiary) and Early Pleistocene (Quaternary) Mammalia of 
East Anglia, Great Britain, in Relation to the Appearance of Man.** 

At the April, 1921, meeting of the National Academy, Dr. Osborn 
ventured the prediction that a large-brained type of man would be found 
in the Pliocene. He was not.aware that such a discovery had actually 
been made in the Upper Pliocene Red Crag deposits near Ipswich, England, 
by J. Reid Moir; in fact, Mr. Moir’s discovery of Red Crag and of sub- 
Red Crag man was not accepted in England, and it was not until an un- 
mistakable human industrial level was found at Foxhall, near Ipswich, in 
the summer of 1921, that this locality was visited by the French archaeolo- 
gist Breuil, who announced this important discovery at the Archaeological 
Congress at Liége, in August, 1921. Dr. Osborn immediately planned 
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to visit this locality and to make a careful survey and review of the animal 
life which surrounded Foxhall man. This review, fully set forth in the 
second paper above named, shows that Foxhall man—capable of making 
ten or twelve different kinds of flint implements, of providing himself with 
clothing, and of building a fire—sets an unmistakable Upper Pliocene 
date for the antiquity of man, in which he was surrounded by relatively 
primitive mastodons, rhinoceroses, saber-tooth tigers, and two species of 
elephants, a fauna closely similar to the Upper Pliocene fauna of the valley 
of the Arno River, near Florence, Italy. 


More recent than the Foxhall industry is that of Cromer on the coast of 
Norfolk, discovered during the summer of 1921. Cromer is also treated 
as of Upper Pliocene age by British archaeologists, but it is unmistakably 
Lower Pleistocene; it belongs to First Interglacial time. To establish this 
second point, Dr. Osborn enlisted the coéperatidn of Dr. Chester A. Reeds, 
beginning in the month of September, 1921, and undertook an exhaustive 
examination of the old and new standards of Pleistocene division in Europe, 
namely, of Geikie, Penck, Briickner, and Leverett, ending with the recent 
work of Depéret and of De Geer. While these authorities do not agree 
as to causes or as to the duration of the Ice Age, a most important result 
of concurrent observation in England, France, Germany, Switzerland, and 
North America is that there were certainly within the Ice Age four, and 
possibly five, distinct periods of glaciation, with at least four interglacial 
periods, all embraced within the Quaternary. British geologists and at 
least one French geologist, Marcellin Boule, include the First Glaciation 
within Tertiary time, but all the other authorities named above regard 
the First Glaciation as the opening of Quaternary time. The latter view 
is the one adopted by Osborn and Reeds and is clearly set forth in a 
synthetic diagram which summarizes our present knowledge of the geologic 
succession, of the industrial phases, and of the geologic appearance of 
human types. This Table will be submitted to the coming International 
Congress of Geology at Brussels. 

As a result of the researches summarized by the authors, we are now 
able to fix with considerable certainty the geologic level of the entire 
succession of human industries, namely, the Foxhallian, Cromerian, 
Chellean, Acheulean, Mousterian, Aurignacian, Solutrean, Magdalenian, 
and Campignian. We are also able to fix with considerable exactitude the 
geologic age of the successive races of men, i.e., Trinil, Piltdown, 
Heidelberg, Neanderthal and Cro-Magnon, which appear between 
Foxhallian and Magdalenian industrial times. 


* This paper, presented in abstract by Dr. Reeds before the Geological Society of 
America, is now in press in the Proceedings of the Society. 
** This paper by Dr. Osborn will appear in full in the Geological Magazine, London. 
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ON THE MEASUREMENT OF A PHYSICAL QUANTITY WHOSE 
MAGNITUDE IS INFLUENCED BY PRIMARY CAUSES 
BEYOND THE CONTROL OF THE OBSERVER AND 
ON THE METHOD OF DETERMINING THE 
RELATION BETWEEN TWO SUCH 
QUANTITIES 


By W. A. SHEWHART 


RESEARCH LABORATORIES OF THE AMERICAN TELEPHONE AND TELEGRAPH 
CoMPANY AND THE WESTERN ExLxcrtric Company, INc. 


Read before the Academy, April 25, 1922 


In order to relate the physical and chemical properties of carbon to 
the microphonic properties of this material, it has been found necessary 
to make measurements on physical quantities which are influenced by 
primary causes beyond the control of the observer. In many problems of 
the physical and engineering sciences it is possible for the observer to con- 
trol within narrow limits, the causes of variation of a quantity while it is 
being subjected to measurement. Certain problems arise, however, in 


these sciences as in the field of economics and biology wherein it is im- 
possible to do this. In general let X, and X2 represent two quantities 
related to others Ui, Us, ... Uz; Vi, Vo, ... Vs; Wi, We ... Wy in the 
following way: 
Xy = F, (U,, Us, ees U,, Vi, Vo, eee V;) (1) 
X_ = Fz (Ui, Us, ... Us, Wi, We, ... Ws) (2) 


where F; and F; represent unknown functional relations. In most physi- 
cal experiments it is possible to hold the U’s, V’s, and W’s, practically con- 
stant while a measurement is being made on either X, or X2. In the last 
analysis, however, the U’s, V’s, can never be held constant and in many 
cases, particularly where these symbols represent molecular phenomena, 
the variations about their mean values may become quite large. 

Thus, if X; and X2 represent two microphonic characteristics of granular 
carbon which are functions of the physical and chemical properties rep- 
resented by the U’s, V’s, and W’s, it has been found necessary to apply 
certain statistical criteria to determine the nature of the cause complex 
controlling a single quantity such as either X; or X2 and also to determine 
quantitatively the degree of relation. existing between the two micro- 
phonic properties. As a result of such a study involving an analysis of 
thousands of measurements of the above type, certain conclusions which 
are of general interest have been reached in respect to the practical appli- 
cation of statistical methods in connection with physical measurements 
of this character. 


¢ 
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In order to study the nature of the complex of causes controlling a single 
quantity such as X;, one of the first problems is to determine whether or 
not the causes represented by the U’s, and V’s satisfy the following con- 
ditions: (1) That all of the causes,” in number, are effective at the time 
of each observation, (2) that the probability, p, that a cause will produce 
a positive effect is the same for all of the causes. (3) That the probabil- 
ity, p, remains the same for all of the observations, (4) that the effect, Ax, 
of a single cause is the same for all of the causes. 

If these conditions are fulfilled, the distribution in X, can be represented 
by the successive terms of the expansion (p + q)" where the ordinates 
are separated at intervals of 24%. For most of the problems it has been 
found convenient to compare the observed distribution with the theoreti- 
cal distribution consistent with the above random conditions. In general, 
the following procedure has been followed: For each observed distribution 
two factors k = —" and Be = — have been calculated and compared 

Me 


pn® /? 


with similar factors consistent with the above mentioned binomial ex- 
pansion, where the first four corrected moments of the observed distri- 
bution about the mean are represented by the symbols ji, pe, ps, and py. 
It will be noticed that k and #; are independent of the units used in making 
the measurements. 

For a symmetrical distribution k is always 0 and 6, may vary between 
1 corresponding to » = 1 and 3 corresponding to » = ©. Irrespective 
of the values of and q, it should be noted that §; does not increase be- 
yond 4 for 10,000 causes and even for 100 causes the value of 4 is not 
exceeded except for conditions in which the skewness k is very large. In 
general large values of 6: indicate either high skewness and few causes or 
that the complex of causes does not follow the random conditions con- 
sistent with the expansion of (p + q)*. 

As a result of variations due to sampling the standard deviations, o, and 
Gg, of k and #2 are given in terms of the number of observations, s, by the 


following expressions ¢, = J °. and gg, = J 2 it being assumed that the 


distribution is practically normal. If, in practice, the values of k and 
B: are found to differ from 0 and 3 respectively by more than three times 
the standard deviations of k and fy, it is practically certain that the dis- 
tribution is either unsymmetrical or that the causes do not act at random 
as defined above. The method of application of these criteria depends: 
in general upon whether or*not the observed distribution is one involving 
attributes or variables. 

In general for the case of attributes the procedure is as follows: The 
factors k and (2 are calculated to determine whether or not they are signif- 
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icantly different from 0 and 3. If k and (, are different from 0 and 3, the 
values of p, g, and ” may be calculated since pn = X and pqn = pe, where 
% represents the average of the distribution, and a study of these values 
will indicate the probable reason for such variations in k and 6: provided 
the distribution follows the random laws. If the observed distribution is 
consistent with the calculated values of p, g, and u, the ‘‘probability of 
fit’! between the observed distribution and the theoretical distribution 
representing the expansion of (p + q)” should be high. 

In the case that the U’s, V’s and W’s are variables, we start with un- 
known values of , g and u, and in addition have the unknown value of A 
X which represents the effect of a single cause. It is obviously impossible 
to determine the values of p, g and 7 as in the case of attributes for among 
other reasons we cannot determine the origin of the distribution. In 
general, however, we may make use of the factors, k and (2, since these 
are independent of the unit in which the measurements are made. Fur- 
thermore, we may make use of the criterion, establishing the ‘‘goodness of 
fit’ between the observed distribution and a theoretical one corresponding 
to the various degrees of approximation? to the normal law. 

To return to equations (1) and (2) it is evident that, if none of the causes 
are common, the correlation between simultaneous measurements of 
X; and X2 will be practically zero. Furthermore, as the number of causes 
that are common increases we should expect an increase in the correlation 
coefficient under certain limiting conditions. Though it may not be possi- 
ble to determine the number of causes that influence a variable quantity, 
such as either X, or X¢, it has been found possible, however, to determine 
the approximate value for the ratio, of the number of common causes to 
the total number of causes influencing either variable. To show this for 
the general case assumed in equations (1) and (2) let us start with the defi- 
nition of the correlation coefficient r, 
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where x; and x2 represent the deviations from the mean values of X; and 
X_ and o,, and o,, represent the standard deviations in these quantities 
and N represents the total number of observations made. Let us assume 
independence between the primary causes. If we expand equations (1) 
and (2) by Taylor’s theorem and neglect thes econd and higher powers of 
the variations of the primary causes we can obtain values of the deviations 
%, and x2 and of the standard deviations ¢,, and ¢,,, which, when substitu- 
ted in equation (3) reduce to the simple expression 
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providing we add the further conditions that the standard deviations in 
all of the primary causes are equal and that the effects of all of the primary 
causes are equal. These conditions appear at first very limited, and in a 
practical case it is necessary at least qualitatively to check the assumptions 
underlying equation (4), but in general it has been found that a significant 
deviation in r may be taken to indicate a variation in the effects of one or 
more groups of primary causes, upon one of the variables and not upon the 
other. 

A more complete account of this investigation giving experimental data, 
will be published elsewhere. 

1 Pearson, K. “Tables for Statisticians and Biometricians” pp. (26-28) and Phil. 
Mag., Ser. 5, 1, 1900. 

2 Edgeworth, F. Y., Camb. Phil. Trans., 20, 1904 (36-65) and (113-141). 





ELECTRONIC BOMBARDMENT OF NICKEL 


By H. E. FARNSWORTH 
DEPARTMENT OF Puysics, THE UNIVERSITY OF WISCONSIN 


Communicated June 13, 1922 


Studies of the secondary (emergent) electrons produced by electronic 
bombardment of metal surfaces have previously been made by various 
experimenters.' However, the fact that most of the results were obtained 
previous to the development of modern high vacuum technique combined 
with the failure of the small amount of recent work to agree with these 
older results, leaves the important questions of this problem still un- 
answered. It is well known that the number of secondary electrons de- 
pends upon the velocity of the primary (incident) beam, that more elec- 
trons leave the surface than strike it if the primary velocity is great enough, 
but the following characteristics of the various metals are still not definitely 
determined: (1) the magnitude of the secondary electron current as a 
function of the primary velocity; (2) the velocity distribution of the 
secondary electrons for any given primary velocity. 

The present investigation is an attempt to obtain these characteristics 
for nickel. The type of apparatus employed was such that a primary 
electron stream, of uniform velocity and cross-section, could be made either 
to impinge on a nickel target or to pass into an absorbing Faraday cylinder. 
This was accomplished by moving the target, by means of a magnetic 
control, over a hole in the Faraday cylinder into the path of the primary 
stream. The secondary electrons which left the target were received by 
a conducting cylinder. This arrangement made it possible to move the 
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target out to the side of the tube where it could be heated to bright red 
heat by high-frequency induction currents. 

The ratio of the secondary to the primary electron current was studied, 
especially as affected by: (1) prolonged heating of the bombarded surface 
at bright red heat; (2) condition of the surface; (3) nature of the gas to 
which it had been exposed. This ratio, for low primary velocities (less 
than 260 volts), decreased with prolonged heating, and the general shape 
of the secondary electron curve was changed. A limiting form of this 
curve was obtained, see figure 1, which was independent of whether the 
apparatus had previously been exposed to air or hydrogen; so it seems 


60 


Pressure less than 10’ mms. Hg. 
Curve I- For a nickel target after heating 
at 400°C. for several hours. 
Curve 2-For a nickel target after 
heat treatment at bright red heat. 
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safe to conclude that the final curve is one which represents the true 
characteristics of nickel. The number of secondary electrons was found 
to be independent of the roughness of the surface, but covering the surface 
with fine nickel gauze considerably reduced this secondary electron current. 
Secondary electrons were found when the primary velocity was as low as 
0.2 volt. In the limiting curve, see figure 1, the ratio of the secondary to 
the primary current increased rapidly with increase of the primary velocity 
to a value of 0.15 at about 4 volts, then remained constant to about 9 
volts, where it again increased, reaching a value of unity for a velocity of 
impact corresponding to 260 volts. 
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Measurements of the velocity distribution of the secondary electrons 
indicate that, below about 9 volts primary velocity, a large percentage 
of the secondary electrons have velocities nearly equal to the primary 
velocity and a very small percentage have velocities less than one volt. 
For higher primary velocities the distribution changes, there being many 
secondary electrons having low velocities. The percentage of secondary 
electrons having velocities less than 5 volts, say, increases as the primary 
velocity increases. There are, however, a few percent having velocities 
nearly equal to that of the primary electrons, when the primary velocity 
is as great as 110 volts. 

The following features of the investigation show that a new factor 
enters into the production of secondary electrons from nickel at about 
9 volts: (1) the sudden change in slope of the secondary electron curve 
at about 9 volts; (2) the difference between the velocity distribution of 
secondary electrons when the primary velocity is 9 volts or less, and that 
when the primary velocity is greater than 9 volts. These results lead one 
to the interpretation that reflection of electrons from nickel occurs for all 
the primary velocities investigated, the reflection increasing between 0 
and 4 volts primary velocity and then remaining constant to 9 volts, where 
emission begins and increases with increase of primary velocity to at least 
260 volts. ‘That there are some high velocity electrons present, when the 
primary velocity is as great as 110 volts, indicates that reflection continues. 
after emission begins, so that above 9 volts there is both reflection and emis- 
sion. According to this idea the reflected electrons may be considered to 
have velocities nearly equal to the primary velocity, i.e., reflection in- 
volves a change in direction without much loss in energy, while the emitted 
electrons have a much smaller velocity. 

The above interpretation is further substantiated by a phenomenon 
which was observed when obtaining the velocity distribution of the primary 
electrons. It was found that when the primary velocity was less than 9 
volts, all of the primary electrons had velocities nearly equal to that corre- 
sponding to the applied voltage. For larger primary velocities, however, 
there were some low velocity electrons present, the number increasing with 
the primary velocity. This can be explained, in accordance with the 
previous interpretation, as being due to emission of electrons from the 
edges of the diaphragms which limit the primary beam. Thus, since below 
9 volts no emission occurs there are no low velocity electrons present in 
the primary beam. 

Since the number of secondary electrons obtained at the low velocities — 
was much greater before the continued heating than after, one must con- 
clude that the reflection and emission of electrons from the atoms of gas 
on a metal surface is greater than from the metal freed from gas. 

The method used is particularly well adapted to the extension of the 
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investigation to other metals. Targets of the various metals can be in- 
serted and the characteristics of each studied under the same conditions 
by moving them successively into the path of the primary electron stream. 
There is no reason to believe that the secondary electron characteristics 
should be the same for all metals, and a knowledge of their characteristics 
in this respect should be of value in connection with the electron theory of 
metals. 
A more detailed account of this work will be published in the Physical 
Review in the near future. 
1Gehrts, Ann. Physik, 36, 1911, p. 995. 
O. von Baeyer, Physik. Zs., 10, 1909, p. 176; Deut. Phys. Ges., Verh., 10, 24, 1908, 
p.953; Ber. D. Physik Ges., 10, 1910, p. 96 and p. 953. 
N. R. Campbell, Phil. Mag., 22, 1911, p. 276; 24, 1912, p. 527; 25, 1913, p. 803; 
28, 1914, p. 286; 29, 1915, p. 369. 
A. W. Hull, Physic. Rev. 7, 1916, p. 1. 
F. Horton and Miss A. C. Davies, Roy. Soc. Proc. London, 97A, 1920, p. 23. 
I. G. Barber, Physic. Rev., 17, 1921, p. 322. 
Davisson and Kunsman, Science, 54, 1921, p. 522. 
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THE CRYSTAL STRUCTURE OF POTASSIUM 
By L. W. McK&EHAN 


RESEARCH LABORATORIES OF THE AMERICAN TELEPHONE AND TELEGRAPH COMPANY, 
AND THE WESTERN ELEcTRIC COMPANY, INCORPORATED. 








Communicated June 13, 1922 


Potassium, when examined by X-rays at room temperature appears to 
be amorphous, as previously reported by Hull.' But if potassium, cast 
in a thin-walled cylindrical glass tube, is cooled to —150° C. in a current 
of air by the method recently employed in getting the crystal structure of 
mercury,’ large crystals, giving well marked reflections of the K-radiation 
of molybdenum, are formed. These crystals are, in fact, so large that it 
is a matter of some difficulty to obtain enough different orientations in a 
single sample, and the data are not of great accuracy. Continuous rota- 
tion of the sample about the axis of the cylinder so weakens the intensity 
of the occasional reflections that they can no longer be located with cer- 
tainty. The best results are obtained by rotating the sample through small 
angles at such long time-intervals that individual crystals in suitable 
orientations have long enough to affect the film. 
The best fit with the data is furnished by assuming the atoms to be 
arranged in a body-centered cubic lattice with a = 5.20 x 10-® cm. 
and therefore with a density 0.92 gm./cm.* This density is higher than 
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the commonly accepted value, 0.862 gm./cm.*, partly no doubt on account 
of the low temperature of the crystals, and partly perhaps because the 
values usually quoted have been obtained for metal not perfectly crystal- 
line, to judge by the X-ray evidence. As regards the purity of the potas- 
sium here used, it can only be stated that the original material was pur- 
chased as ‘“‘c. p.”’ from Eimer and Amend, was dried and freed from the 
usual oily surface layer, and was then melted and double-distilled in vacuo. 
using only pyrex glass. The samples were prepared for me under the 
supervision of Dr. H. E. Ives from material used by him in the preparation 
of photoelectric cells. His suggestion that a change in the crystalline 
condition of the metal at low temperatures might be responsible for certain 
anomalies in photoelectric emission was the starting point of this research. 

The observed crystalline structure does not persist when the tempera- 
ture is allowed to rise again to about 20° C. No effort has been made to- 
determine the highest temperature at which crystallinity can still be: 
detected, since it seems probable that the loss of structural symmetry is. 
not abrupt but gradual. 


1A. W. Hull, Physic. Rev., (2) 10, 661-696 (Dec., 1917). 
2L. W. McKeehan and P. P. Cioffi, Ibid., (2) 19, 444-446 (April, 1922). 





PRELIMINARY REPORT ON 
THE IONIZATION OF POTASSIUM VAPOR BY LIGHT 


By R. C. WILLIAMSON 
DEPARTMENT OF Puysics, UNIVERSITY OF WISCONSIN 


Communicated June 13, 1922 


As Hughes states in a Bulletin of the NATIONAL RESEARCH COUN- 
ciL,! experimental results relative to the ionization of metallic vapors by 
light, have been very meagre, and it is difficult to point to any phenomena 
which are due, without doubt, to ionization by radiation of optical frequen-. 
cies. Steubing? describes ionization of mercury vapor by light transmitted 
through fused quartz, but his results seem probably to be explained as. 
ionization in the vapor by collision of photoelectrons from the electrodes.. 
Anderson* and Gilbreath* have published results obtained in potassium 
vapor which seem to be due to wall emission. Kunz and Williams,° in a. 
brief abstract, state that while caesium was not ionized by radiation of 
wave-lengths greater than 3130 A, a marked effect was secured at 2530 A- 
No details as to the method have as yet come to the writer’s notice. 

The equation Ve = hy, where V is the voltage corresponding to the- 








x (V,) to an electrode connected with an electrometer. 
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energy of the electron, ¢ the electronic charge, h the quantum constant, 
and » the frequency of radiation, finds application in the field of X-rays, 
either in calculating the maximum frequency of radiation excited in solids 
by electrons having energy corresponding to the voltage V, or, conversely, 
in computing the maximum energy of the secondary electrons liberated 
from solids by radiation of frequency .v. 

Work in the metallic vapors indicates that in the case of the alkaline 
metals the principal series of doublets is radiated when ionization of the 
vapor by electronic collision occurs, and the limiting frequency of the series 
is given by the substitution of the ionizing potential in the above equation. 
Conversely, when it is desired to ionize a vapor by radiation, thus liberating 
electrons, it is natural to assume that frequencies must be employed which 
are equal to, or greater than, the above limiting frequency calculated from 
the ionizing potential. The results of Kunz and Williams in caesium 
vapor are at least in accordance with this view. In the case of potassium 
vapor, the observed ionizing potential is 4.1 volts® and the corresponding 
principal series limit is 2856 A.’ 

The experiments here described were planned to verify the ionization 
of metallic vapor by radiation of optical frequencies and to investigate the 
ionizing power of the radiation as a function of the frequency. The follow- 
ing considerations must be borne in mind in determining the method: 

(a) Thermelectrons are emitted quite freely by glass and metals in the 
presence of potassium vapor at temperatures as low as 150°. Also such 
surfaces in the presence of potassium vapor, or when covered with solid 
potassium, may give a marked photoelectric emission if there is any scat- 
tered light. The procedure must then be arranged so that currents con- 
sisting of positive ions, due to ionization, can be distinguished from these 
electronic currents. 

(b) Absorption of the radiation by the vapor should be limited, if 
possible, to the region between the electrodes. 

(c) Where accelerating fields are used, ionization by collision of elec- 
trons with the vapor may occur, and such an effect must be distinguished 
from ionization by radiation. 

Therefore, the following method was adopted. A jet of hot potassium 
vapor was directed into a cool vacuum chamber and condensed upon the 
walls, a part of the latter being cooled by means of liquid air. A carefully 
diaphragmed pencil of light traversed this jet a short distance from the 
nozzle and then entered a conical glass tube serving as a light trap. A 
mercury arc in quartz was used as the source of radiation, and absorbing 
screens could be interposed between the arc and the vacuum chamber. 
Electrodes were so arranged that the positive ions formed in the jet could 
be accelerated through a gauze to travel against a suitable retarding field 
The energy gained 
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by the positive ions was not due to the full applied accelerating voltage 
(V,), since they started from a somewhat extended region between the 
electrodes. A sliding shutter over the vapor nozzle made it possible to 
cut off the vapor jet. 

Holding the retarding potential constant and varying the accelerating 
field, observations were made and a curve plotted showing current to the 
electrometer versus accelerating voltage, when the jet was illuminated 
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abc, ghi, kim, were taken with radiation unscreened, mini- 
mum wave-length about 1850 A.; a’b’c’, g’h’s', k'l'm' 
were taken with screen, minimum wave-length about 
3100 A. J ’j gives change when screen is removed. 
cd-de is the change when vapor jet shutter is closed 
and reopened, and ef is due to inserting screen. 


by unscreened radiation from the arc. This procedure was repeated with 
a screen interposed which cut out quite sharply wave-lengths less than 
3100 A. Pairs of such curves were obtained for retarding potentials of 
1, 5, and 10 volts, as shown in figure 1. 

The curves taken with the radiation unscreened show negative currents 
with marked breaks toward positive values at accelerating voltages which 
depend upon the retarding potentials. The negative currents are due to 
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photoelectric leak from the gauze and walls, which was unavoidable, and 
also at the lower accelerating voltages to thermelectrons from the nozzle 
of the jet. The breaks toward positive values resulted when the positive 
ions, which were produced in the jet by the radiation, acquired sufficient 
energy in the accelerating field to enable them to reach the electrometer 
electrode against the retarding potential. When a screen was inserted 


to cut out wave-lengths less than 3100 A, the negative leak was reduced by 
a small amount, while the positive breaks disappeared, showing that the 
positive currents depend upon the presence of wave-lengths which are 
less than 3100 A. 


It may be suggested that the positive current is due to 
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ionization in the jet by collision of photoelectrons from the gauze, and that 
the disappearance of that current upon screening out wave-lengths below 
3100 A results from the correspondingly lower initial energy of emission 
of these photoelectrons. The electrons reach the jet of vapor with their 
initial emission energy plus at least 4% V,. Therefore, even though the 
initial energy were zero in the scteened curves, we should have positive 
ionization by collision when V, is greater than about 8.2 volts or twice 
the ionizing potential. And the pairs of curves for V, greater than 4.1 
volts, would show no marked decrease of ionization with screening. On 
the contrary, the pairs of curves are of the same type for retarding poten- 
tials of from 1 to 10 volts, and there is no indication in the screened curves 
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of ionization by collision for the higher accelerating potentials. Hence 
we may conclude that the positive ionization is due to radiation between 
3100 A and about 1850 A (probably the shortest wave-lengths present in 
the arc spectrum), and also that under the conditions of the experiment 
ionization by collision was of a lower order of magnitude than that due to 
radiation. 

If the vapor jet is cut off by means of the shutter under conditions as 
shown in figure 1, approximately the same effect is produced on the current 
as by inserting the screen in the path of the light. This confirms the 
view that the negative residual current is due to photoelectric leak, and, 
furthermore, indicates that the scattered light which produces this leak 
comes largely from the diaphragming system and is not due to any marked 
scattering or resonance by the vapor. 

In preliminary tests of the ionizing power of the mercury arc spectrum, 
as a function of wave-length, the retarding and accelerating potentials were 
set at one and ten volts respectively. Absorbing screens were successively 
inserted in the beam of radiation, and the observed currents were plotted 
against the lower transmission limits of the screens, figure 2. Curve abc 
represents the effect of the screens on the photoelectric current from 
surfaces due to stray light, being taken with no vapor present; a’b’c’ 
and a”b"c” were taken with vapor issuing from the nozzle. No screens 
for the region below 2900 A were available at the time abc and a’b’c’ were 
taken. These curves show a positive current superposed upon a negative 
photoelectric surface current. This positive current appears at about 
2900 A and increases quite rapidly as the wave-lengths decrease. The 
ionization does not seem to be associated with resonance phenomena or the 
absorption of a single wave-length in the vicinity of 2900 A. Rather it 
appears to be a continuous function of the wave-length, starting near the 
convergence wave-length of the principal series and increasing quite rapidly 
as the wave-length decreases, giving a continuous absorption of energy 
below this limit. It is of interest to note, in this connection, the region of 
continuous absorption described by Wood® in the case of sodium vapor 
which extends from the convergence frequency of the principal doublet 
series on down in the ultra-violet, thus corresponding with the region of 
ionization and consequent absorption of radiation observed for potassium. 

The above results can be summarized as follows: 

It is believed that definite evidence has been obtained of the ionization 
of metallic vapors by light. 

The results indicate that there is a long-wave limit in the case of this 
ionization which can be calculated from the relation Ve = hy by means 
of the ionizing potential. 

The ionizing power of the radiation is a continuous function of the 
wave-length below this limit, increasing as the wave-length decreases. 
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The investigation will be continued with the idea of extending the 
observations to other elements and, also, of getting more accurate measure- 
ments of various factors involved. 
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THE ABSORPTION OF LIGHT BY SODIUM 
AND POTASSIUM VAPORS 
By GrorcGE R. HARRISON 
DEPARTMENT OF Puysics, STANFORD UNIVERSITY 
Communicated June 13, 1922 


The continuous absorption found at the limit of the principal series in 
sodium and potassium is of great importance on the Bohr theory of atomic 
structure, corresponding as it does to the ejection of an electron from the 
atom. It was first noticed by Wood! in sodium, who mentioned that it 
began in his pictures at the last resolved line, and extended to the extreme 
ultraviolet. Holtsmark? studied it in sodium and found it also in potassium 
though to a less marked degree. 

The present work was undertaken to study the relation of the band, 
line, and continuous absorption in sodium and potassium vapors, to 
temperature, hydrogen pressure, and vapor saturation. It was thought 
that some change in absorption might be obtained if the vapor was super- 
heated. 

Experimental Arrangements.—The metal was enclosed in iron tubes of 
4 cm. diameter and length from 15 to 200 cm., depending upon the type 
of absorption to be studied. A side arm was welded to the center of the 
absorption tube, and so arranged that it could be heated separately. 
Clean sodium was then placed directly in the side arm, and after the main 
tube had been pumped out and raised to the desired temperature a small 
quantity of sodium could be distilled into it from the side tube at will. 
In this way a rough degree of control could be exercised on the saturation 
of the vapor. 

Blast flames were used as a source of heat. The main tube was closed 
by quartz lenses kept cool with water jackets. To prevent too rapid 
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condensation of the vapor and coating of the windows, slits were placed 
at each end of the hot column and kept at a red heat. A mercury manom- 
eter was kept permanently connected to the main tube, which could be 
exhausted to a cathode ray vacuum in three minutes with a Gaede cylinder 
pump. ‘Temperatures were measured with a thermocouple calibrated by 
the Bureau of Standards. A cadmium spark in air was used as a light 
source, supplemented by electrically exploded wires of various metals in 
regions where Cd emission lines interfered. For photographing the trans- 
mitted light a Fery spectrograph made by Hilger was used, having a range 
2100 to 6000 Angstroms, and a dispersion sufficient to resolve the lines 
to nm = 32 in Na. 
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FIG. 1 
Curves showing the relation of absorption at different wave-lengths to vapor density . 
in saturated sodium vapor, with hot column 30 cm. long. Hydrogen pressures from 
1 to 400 mm. had no apparent effect. 





Results with Sodium.—The continuous absorption was found to be much 
more pronounced in certain pictures than in others, but the only determin- 
ing factor seems to be vapor density. The presence of hydrogen in pres- - 
sures from one to 400 mm. had no visible effect. The absorption begins at 
the last resolved line of the principal series, which is about five Angstrom 
units from the theoretical head. No definite break is observable, which 
is to be expected, since in the region near the limit there is an integrated 
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intensity of unresolved line absorption and the unabsorbed spaces 
between. 

An important point, which was indicated by all photographs showing 
the continuous absorption, is that this does not extend undiminished to 
the extreme ultraviolet. It decreases rapidly with decreasing wave- 
length; that is, the vapor is much more transparent fifty Angstroms below 
the head of the series than it is right at the head (2413 A). In fact, the 
region at 2200 A is one of the most transparent in the whole range of 
wave-lengths studied. 

From the analogy to a similar case with X-rays, where continuous ab- 
sorption decreases as the cube of the wave-length, it would be of interest to 
know the function determining the falling off of the absorption in the 
present case. It is expected that in a fuller report on this work to be 
published elsewhere definite data on this can be given. 

In figure 1 a set of curves for sodium is given showing transmission of 
light as ordinates and wave-lengths as abscissas. These are given to show 
the manner in which the absorption changes with vapor density through- 
out the visible and ultraviolet. The curves are to be taken as merely 
qualitatively correct, since the photometric method used was necessarily 
rough due to irregularities in the background. 

With unsaturated vapor the band absorption is tremendously weakened 
in comparison to the line and continuous absorption. It is difficult to get 
pictures which can be compared, since we have no way of determining the 
relative amounts of sodium present in the absorbing columns in the two 
cases. The best available method seems to be to take two pictures which 
show line 2853 (say) absorbed to the same degree in both and use this for 
a parameter. Two such pictures being chosen it was found that the 
band absorption was visible around the first four lines in the case of the 
saturated vapor, and about the D-lines alone, very faintly, in the unsatu- 
rated. Potassium is now being tested for a similar effect. 

This evidence seems to indicate that the bands may be due to loose 
molecular aggregates which are broken up when the mean free path becomes 
greater and the temperature motion more violent. Sodium vapor is 
supposedly monatomic, but Hackspill’s* vapor pressure determinations 
seem to show that loose aggregates may exist, since the results with satu- 
rated vapor are not very concordant. 

It was noticed that the fluorescence, which was quite marked in saturated 
vapor, practically disappeared on superheating. Van der Lingen and 
Wood‘ found a similar effect in mercury vapor. The intimate connection 
between the mechanisms of fluorescence and band absorption has been 
definitely established by the work of Wood and others. 

Results with Potassium.—This metal showed similar continuous ab- 
» sorption to that of sodium, the saturated vapor only having been studied 
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to date. Apparently Holtsmark’s result of less continuous absorption 
in potassium than in sodium was due merely to difference in vapor density. 
Curves are given for potassium in figure 2. 
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Potassium 
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